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Let N = {z,, ..., z,,} be a finite set of players and let U: 2¥ - R be a
“game value” function for sets of players. For each player z;:
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Shapley Value

* Shapley value is the unique allocation of payment that satisfies all
requirements in Shapley fairness

* Balance: the payment is fully distributed to all players
* Symmetry: same marginal contribution, same payment
* Zero element: no marginal contribution, no payment

* Additivity: payments on individual tasks sums up to the payment on a
combined task



Shapley Value

Permutation
ABC

ACB
BAC
BCA
CAB
CBA

Shapley value

17-4

24-14

15-6

24-14
(747+13+10+9+10)/6

14-6
(10+9+4+4+9+8)/6

14-4
6-0
6-0
(7+8+7+10+6+6)/6




Monte Carlo Sampling

* Approximate the Shapley value of z; by sampling permutations
(1) Uniformly sample a permutation over [n]

(2) Compute marginal contributions by adding z; over all players
preceding it in permutation

(3) Repeat k times and output average marginal contributions

Permutation A B Cc
ABC 7-0 17-7 24-17
ACB 7-0 24-15 16-7
BAC 17-4 4-0 24-17
BCA 24-14 4-0 14-4
CAB 15-6 24-15 6-0
CBA 24-14 14-6 6-0

(7+13+10)/3 (10+4+8)/3 (7+7+6)/3
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BFRFR vs. B H

ﬂ_ Complementary Contribution
] B marginal Contribution
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Example:
* N = {2,223}

An unbiased estimation of Shapley value * Draw 4 samples

(1) Randomly generate a pair of complementary coalitions S, N \ S

e a=U({z,2,2}) — U(®)
b=U({z}) —U({z,23})
c =U({z,2;}) — U({ZB})

d =U({z,23}) — U({z2})

(2) Calculate u = U(S) = U(N \ S)

(3) Assign u to n players in N.

- Assign u to |S|-th stratum for z; € S

- Assign —u to |N \ S|-th stratum forz; e N\ S o

o e SV, =3(b+="+a)

(4) Draw m samples and average over complementary contribution . .
means as estimated Shapley value. i —Hie
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Jerzy Neyman. 1992. On the two different aspects of the representative method: the method of stratified sampling and the method of purposive selection. In Breakthroughs in statistics.
Springer, 123-150.
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THEOREM (Empirical Bernstein-Serfling Inequality ) Given a set of players N =
{zi,...,2zn}, the range r of the utility function, a sample without replacement ofCC;f of size m; j
{CCN(S1),...,CCN(Sm,,)}, where S, . .., Smi;, € GM (1 £4,j < m1 <my; < (;’:ll)) with
probability at least 1 — § (6 > 0) we have

= ST CCN(SK) ~ SVl = ISVi; - SV
mi j =1

1 — ,
Sm—u [\/Z(mi.j ~1)0} ;pm, ; log (10/(1 +6)) + krlog (10/(1 +6))],

where k = 1 + 32, c;,?} = ﬁ Tl (CCN(Sk) — 8V )% and

1
i;j=1 § %
1= '"n"—l l-fml'.] S (_']1—:)/2

(5.
pmi,;’ = m; ; L .
(1— =4 )(1+1/mi,j) ifmij > (,--11)/2

(5

THEOREM Given a set of players N = {zy,...,zp}, iffor1 <i,j <n, |SV;; -8Vl <€
holds with probability at least 1 — 6 (0 < § < 1,€¢;; > 0), then Y, |SV; = 8V;| < € holds with
1 n n

probability at least (1 — 8)*", wheree = ~ Y\, j=1 €i,j-

Rémi Bardenet and Odalric-Ambrym Maillard. 2015. Concentration inequalities for sampling without replacement. Bernoulli 21, 3 (2015), 1361-1385.
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*N= {21,22,23,24, ZS}

* Current bound matrix about €; ;:

1 2 3 4 5 1 2| [4 3] [-3 -1
1 2 3 4 5 1 2| |4 3] [-3 -1
M=1|3 4 2 5 1 A=|3 4|-|5 2|=[-2 2
4 1 5 3 2 4 1| |[3 5 1 -4
5 2 4 1 3 5 2/ |1 4 [4 -2
4 3 3 4 5] [=3 -1 0 o o] (Dk=3,top24A;,is-1.SelectS = {z,,23}
4 3 3 4 5| [-3(Z110 0 o 2 €nnizzzy =18
M=1I5 2 2 5 1l+l=21 2 10 0 o (2)k=4,top 1 A, , is 4. Select S = {z;} and
3 5 5 3 2 1 -4 0 0 0 64{255}-{21'22'23-24”=21 -
=9, €z 23.24,25},0} =
1 4 4 1 3] [4 -2 0 0 0 @Returr“{ o 530}
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